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I Abstract. In the contex of McKay correspondence and affine Lie alge- 

■ bras, a large part of complex irreducible character values of spin wreath 

products was computed by vertex operator calculus in |3j. The miss- 
ing part of the projective character values of the wreath product of the 
symmetric group and a finite abelian group is determined with the help 
of Mackey-Wigner method. In particular, this determines projective or 
(-H , spin character values of all classical Weyl groups. 

> 



1. Introduction 

The spin group Sn is a double cover of tlie symmetric group Sn- In the 
I seminal paper |15] Schur determined all irreducible projective characters of 

■ the symmetric group Sn by introducing a new family of symmetric functions 

later known as Schur Q-functions. These symmetric functions play the same 
role for the spin group Sn as Schur functions do for the symmetric group Sn ■ 
Schur further showed that the projective character values are on the large 
Psj ] part given by Schur Q-functions, but a significant portion was provided by 

special spin modules and Clifford algebras. 

During the last quarter century there has been a resurgence of activ- 
ities on the spin group and its generalizations. Stembridge |18j gave a 
combinatorial definition of Schur Q-functions, Sergeev [17J found that the 
5^ . hypercotahedral group of the symmetric group has a similar character the- 

ory, Jozefiak [8j gave a modern account of Schur's work using super algebras, 
Hoffman and Humphreys [4] studied the Hopf algebra structure of the spin 
characters, Nazarov [12j constructed all irreducible representations of the 
spin group, and the second author [7\ provided a vertex operator approach to 
Schur Q-functions as well as projective character values. Breakthroughs were 
also made on modular projective representations of the symmetric groups 
[2j (see ^ for a survey in this aspect). 

On the other hand, recognizing deep connection with McKay correspon- 
dence, I. Prenkel, Jing and Wang [3] generalized the first part of Schur's 
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work and determined all irreducible characters of the spin wreath product 
r„ of a finite group T and the symmetric group Sn- When F = 1, the spin 
wreath products reduce to Sn- When F is a finite cyclic group, they are 
double covering groups of the generalized symmetric groups, in particular, 
hyperoctahedral groups when F is of order 2. In Schur's original work on Sn, 
the projective characters of Sn are parameterized by strict partitions. Again 
in the wreath products, the projective representations are in one to one cor- 
respondence to strict partition valued functions or strict colored partitions. 
In [3] the authors determined all irreducible characters of spin wreath prod- 
ucts by vertex operator calculus and also showed that the character values at 
conjugacy classes of even colored partitions are given by matrix coefficients 
of products of twisted vertex operators. As in the Schur's case the charac- 
ter values on odd strict colored partitions are beyond the reach of vertex 
operators. Later in spin characters for the special case of generalized 
symmetric groups are also determined using group theoretic methods. How- 
ever the character values on odd strict partition-valued functions are still 
unknown, as the method associated with McKay correspondence and vertex 
representations seems not suitable for computing this part of the character 
table. Knowledge of this part of the character table will be useful in rep- 
resentation theory as they include practically all double coverings of Weyl 
groups of classical types. 

Spin character values have been studied extensively in physics literature 
as well. In [13j it was observed that plythysms play important role in de- 
termining characters for spin characters of SO{n, C) and the spin group Sn- 
This was later generalized to spin groups associated to orthogonal and sym- 
plectic Weyl groups [14] and new algorithms were developed in computing 
the spin character values of Weyl groups |14|, [6] . 

The purpose of this paper is to obtain the missing part of the character 
table of spin wreath products F„ for the cases of abelian group F. We 
construct all irreducible characters by certain induced representations of 
Young subgroups of F„ using Mackey-Wigner method of little groups (cf. 
|16) ) . Then we can compute all spin character tables of spin wreath products 
F„ when F is an abelian group. In particular this include, in principle, all 
irreducible spin character values of Weyl groups of any classical types. 

Since abelian groups are direct products of cyclic groups, one only needs 
to consider the wreath products of cyclic groups and the symmetric groups. 
In the viewpoint of the new form of McKay correspondence [3] the problem 
of determination of all spin wreath products of cyclic groups and symmetric 
groups amounts to realization of twisted affine Lie algebra of type A. On the 
other hand, Ariki jl] has shown that the Grothendieck group of the category 
of modules for the cyclotomic Hecke algebra realizes the dual canonical basis 
for affine Lie algebras of type A, which in turn gives decomposition matrix 
of the modular representations of the symmetric groups by the Lascoux- 
Leclerc-Thibon algorithm [9]. 
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The paper is organized as follows. In the first two sections we discuss 
the basic notions of the wreath products and the Grothendieck group of 
projective representations of the wreath products. The twisted products of 
two spin modules are thoroughly reviewed and special attention was paid 
to the case of cyclic groups. In section three we first recall the basic spin 
representations and then use the Mackey-Wigner method of little groups to 
decompose the orbits of Young subgroups. We construct all spin irreducible 
representations indexed by strict partition-valued functions, and then we 
show that the character values are sparsely zero and the non-zero values are 
given according to how the partitions are supported on various conjugacy 
classes. 

2. The spin w^reath products r„ . 

2.1. The spin group We first recall some basic properties of the 
spin group Sn, and then extend them to the spin wreath products r„,. We 
will not fix r to be an abelian group until as late as possible. The spin 
group Sn is the finite group generated by z and ij, (i = 1, • • • , n — 1) with 
the relations: 

2^ = 1, = {tiU+if = Z, 

(2.1) titj = ztjti, \i - j\ > 1, 

Z'ti'i — 'tj'iZ , 

If we replace ti by (i, z + 1) and z by 1, these relations are exactly those for 
the symmetric group Sn, thus there is a homomorphism 0„ from 5„ to Sn 
sending ti to the transposition + 1) and z to 1. Clearly the group 5"^ 
is a central extension of Sn by the cyclic group Z2. For n > 3, Schur [15] 
has shown that the spin group Sn is one of the two double covers of the 
symmetric group Sn- 

We recall Wales cycle presentation for Sn |19) . For each A; G {1, • • • , n}, 
let Xk = tktk+i • • - tn - • • tk+itk £ Sn+i ■ Then for distinct integers ii, • • • ,im ^ 
{1, 2, ■ • • ,n}, we define the cycles in Sn as follows: 



(2.2) [hi2 



z, ifm=l, 

It is known that J)n{[hi2 ■■■ im]) = (n«2---^m), On+iixi) = {i,n + 1), and 
each element of Sn is of the form 

where {^i • • • im}, {ji • • • jk}, • • • is a partition of the set {1, 2, • • • , n} and 
p G Z2. 

Let A = (Ai, ■ ■ ■ , Xi) he a partition of the positive integer n: Yli=i — 
n, we identify A with its Ferrers diagram which is formed by the array 
of n dots having I left-justified rows with row i containing Aj dots for 
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1 < i < L A Young tableau T\ of shape A is an assignment of the Fer- 
rers diagram of A with 1,2,- ••. For each tableau Tx of shape A with 
the number an, • • • , aiA^, 021, • • • , a2X2,aii, ■ ■ ■ , ai\^, we define the element 
= [«ii • • • «iAi][0'2i ■ ■ ■ a2\2] ■ ■ ■ [«n • • • «/aJ of Sn and set ax = 0n{t\) = 
^\=i{aii ■ ■ ■ aiXi) and = Ii\=i[(Tx{aii) ■ ■ ■ axiaix^)]. 

2.2. The spin group F^j. As we remarked that we will mainly consider 
the case of F =< a\a^'^^ = 1 > being a finite cychc group of order r + 1. 
But for convenience we will try to be as general as possible. So we denote 
by F* the set of conjugacy classes of F and F* = {7^! i = 0, • • • , r} the set 
of irreducible characters of F with 70 being the trivial character. 

Let -R(F) = 0[^QC7i be the space of complex-valued class functions on 
F. If C,c is the order of centralizer of an element in the class c G F*, then the 
order of the class is |F|/(^c- When F = Z^+i, we have = + 1 so each class 
is of order one. 

For a positive integer n, let F" = F x • • • x F be the n-th direct product 
of F, and let F'' be the trivial group. The action of the spin group Sn on F" 
is defined as follows: 

^2 3^ iA(ffl,--- ,9n) = (c/^-i(i),--- '%l(n))' 

z{gir-- ,9n) = (gi,--- ,9n)- 

The spin wreath product F„ = F ~ 5„ is the semi-direct product 
r„ = F" X 5„ = {ig,t)\g = {g,,... ,g„)eT^,te Sn} 
with the production 

ig,t)-ih,s) = igtih),ts). 
Similarly, F„ is defined to be the the semi-direct product of F" by Sn- It is 
known that F„ is a central extension of F„ by Z2, thus |F„| = 2n!|F|"'. 
Let d be the homomorphism from the spin group Sn to group Z2 by 

(2.4) d{ti) = 1 {i = !,■■■ ,n-l), d{z) = 0. 

This homomorphism d is called the parity of Sn- Similarly, we define a parity 
for F„ by 

(2.5) d{g,ti) = l (i = !,■■■ ,n-l), d{g,z)=0. 

2.3. Partition- valued functions. Let A = (Ai, A2, • • • , A;) be a parti- 
tion of n with Ai > • • • > A; > 1. We denote by I = the length of the par- 
tition A and set I A 1= Ai -I l-A;. Sometimes we write A = (I"^i2"*2 3m3 . . . -j^ 

where rrii is the number of parts in A which is equal to i. 

Given a finite set X, let p = {p{x))x£X be a family of partitions indexed 
by X, we denote by l{p) = "^xi^x Kpi^)) the length of p and by || p || = 
^x&x I Pi^) I of parts of p, and then p = {p{x))x£X is called a 

partition-valued function on X. let V{X) be the set of all partitions indexed 
by X and 'Pn(X) the set of all partitions in ViX) such that ||p|| = n. For 
two partition- valued functions p = {p{x))xex and a = {a{x))xex, we define 
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the union of p U a to be the partition- valued function given by (p U a)(x) = 
p{x) U a{x). Here the union of two ordinary partitions is taken to be the 
juxtaposition of two partitions with their parts rearranged. Subsequently, 
II p U £7 11 = 11 p II + II (7 II and i(p U a) = l{p) + l{cr). A partition-valued 
function is said to be decomposable if it is a (non-trivial) union of two or 
more partition- valued functions. 

A partition A = (Ai, A2, • " " ^^i) is called strict if Aj / Xj for i ^ j. We 
denote by SV{X) the set of partition-valued functions {p{x))x<=x in '^i^) 
such that each partition p{x) is strict. Let OV{X) be the set of partition- 
valued functions {p{x))xex in 'P{X) such that all parts of the partitions p{x) 
are odd integers. 

For each partition A we define the parity d{X) = |A| — /(A). Similarly, 
for a partition-valued function p = (p{x))xex, we define d{p) = \\p\\ — l{p)- 
Then p is even (or odd) if d{p) is even (or odd). We let V^^X) (or V\{X)) 
to be the collections of even (or odd) partition-valued functions on X. 

As convention we denote SV\{X) = VUX) n <SP(X) and OVniX) = 
VniX) n OV{X) for i e {0, 1}. For simplicity, V{X) will be replaced by V 
when X consists of a single clement. Similarly we have simplified notations 
such as OV,SV, OVn and SV^. 

2.4. Split conjugacy classes of F" x S^. For n>l, and a partition 
p of positive integer ra, let J7 be the following set 

(2.6) {/i = (pi, • • • , Ps)|pi > • • • > Ps > 0, IpI = n, i(p) <r + l}. 

For p G ri, we define the Young subgroup of Sn to be 

which will be abbreviated as S^^ x • • • x . It is clear that F"" x {S^^ x 
-5/^2 X • • • X S*^^) ~ F^^ X • • • X F^^ := F^ is a subgroup of F„, also called the 
Young subgroup of F„. 

For p = (pi, • • • , ps) G ri, let x = {g,uj) be an element in a conjugacy 
class of subgroup T^^ x Tf,^ x ■ ■ ■ x F^^ , where 5 = (51, 52, • • • , ^n) £ T, w = 
wi • • • G 5*^1 X • • • X S^^ for G iSy^^. . We set ff to be the cycle type of oji and 
A to be the cycle type of w, thus p* is a partition of pi and A is a partition of n. 
It is known that Ui can be written as disjoint union of permutations. Each 
cycle aj = {jij2 • • • jk) in the permutation Wj corresponds to the element 
9a j = gjk9jk-i " ' 9ji ^ ^ which is called the cycle-product of aj. For each 
c G F^,, let m]j(c) {k > 0) be the number of /c-cycles in uji such that its cycle 
products lie in the conjugacy class c. let p*(c) = (l™i W2™2(c)3™-3W • • • ) for 
each c G F^, then p' = (p^(c))cer. e V^iO^^). So p = p^ U • • • U p^ G Pn(F^) 
defines a partition- valued function on F*. In this way we define a bijection 
(p from decomposable partition-valued functions p = p^ U • • • U p'' such that 
II p* 11= Pi to the conjugacy classes of a; = {g,uj) in F^^ x T^^ x • • • x F^^. 

Let Cp be a conjugacy class in F„ of type p = (p(c))cert G 'Pn{^*)- Fix 
an order of the conjugacy classes of F: c°, • • • , c^. Let T^^^^i^ be the Young 



6 



XIAOLI HU AND NAIHUAN JING 



tableau such that the numbers Yl]=i \pi'^'')\ + 1, • " " > Yl]=i \p{^'')\ placed 
in the squares of the Young diagram of shape p{d) = {p{d)i,--- ,p{d)i) 
from the first row to the last row, and left to right in each row. then we get 

^2 tp{c-) =[ai-i + !,••• , fli-i + P(c*)i] • • • 

where ai_i = Yl]~=o Finally, we define tp = tp(cO)tp(ci) • • • tp(c'-) in S„. 

We remark that the general element of r„ is of the form {g, z^tp), where 
p is the type of the conjugacy class of {g, z^tp). 

An element 5; S r„ is called non-split if x is conjugate to zx. Otherwise 
X is said to be split. A conjugacy class of r„ is called split if its elements 
are split. An element x G r„ is called split if 9~^{x) is split. It is known 
that the class Cp of r„ splits if and only if the preimage 0~^{Cp) = Dp splits 
into two conjugacy classes in r„. For each split conjugacy class Cp in r„, 
we define the conjugacy class -D^ in r„ to be the conjugacy class containing 
the element (5, tp) and define D~ = zD'^, then Dp = D'^ U Dp . 

For a partition A = (l'^i2™'23»"3 . . . ) of n, we denote by zx = Y[i>i i'^'rriil 
the order of the centralizer of an element with cycle type A in S'n. For each 
partition-valued function p = {p{c))c£r,, we define 

(2.8) = n ^pic)6'^''^^ 

as the order of the centralizer of an element of conjugacy type p = (/3(c))cGr, • 
The order of the centralizer of an element of conjugacy type p in F^ is given 
by 

2Zp, Cp is split 
Zp, Cp is non-split 



(2.9) 



p 



Following the usual definition a representation vr of F„ is called spin if 
7r{z) = —1. In particularly, the character values of a spin representation is 
determined by its values on the split classes, since in that case, for x G F^, 
trace{iT{zx)) = —trace{7r{x)) = whenever x and zx are conjugate in F„. 

Let (—1)'^ be the sign representation of Fni x — > (— l)'^*^^^ When 
(—1)^TT ~ vr we call vr a double spm representation of F^. If vr = (— l)'^vr ^ vr, 
then vr' and vr are called a pair of associate spin representations of F^. 

Let p = (/?(c))cGr, be the type of a conjugacy class Cp in F„. It is known 
that the preimage 9^^{Cp) splits into two conjugacy classes in F„ if and only 
if p € OVn{T*) or p G SV\{T^) (see [3]). 

3. Twisted Grothendieck groups 

In this section we recall some fundamental materials about supermod- 
ules, the space of spin super functions and the irreducible spin characters of 
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Sn, then we study the spin representations of the subgroup F" x S^, which 
is a double cover of T^. 

3.1. Supermodules. Let C[r„] be the group algebra of F^, thus = 
C[F„]/(1 + z) has a structure of a Z2-graded algebra by setting tj = 1, (i = 
1, • • • , n — 1). It is known that simple superalgebras are of two types: 

(1) M(r|s) is a C-algebra of square (r + s)-matrices with grading de- 
termined by the (r, s)-block partition of each matrix: M{r\s)o consists of 
matrices with blocks off the main diagonal zero and M{r\s)i consists of 
matrices with main diagonal blocks zero. 

(2) Q{n) is a subalgebra of M{n\n) consisting of those matrices whose 
two main diagonal (n|n)-block are equal and two off main diagonal {n\n)- 
block are equal; the grading is induced from that of M{n\n). 

Furthermore, is semisimple, so it is a direct product of finite num- 
ber of simple superalgebras. An irreducible spin supermodule (or character) 
corresponding to M(r\s) will be said to be of type M and the one corre- 
sponding to Q{n) of type Q. Any finite dimensional C[F„] -supermodule is 
isomorphic to a direct sum of simple supermodules of type M and Q. 

3.2. The space i2~(F„). A spin class function on F„ is a class function 
map from F„ to C such that f{zx) = — /(x), thus spin class functions vanish 
on non-split conjugacy classes. A spin super class function on F„ is a spin 
class function / on F„ such that / vanishes further on odd strict conjugacy 
classes. Let -R~(F„) be the C-span of spin super class functions on F„. 

Let TixTm be the twisted product of F; and F^ with the multiplication 

{t,t){s,s) = {tsz'^^'^'^^'\ts'), 

where s,t G F;, s' ,t' G Tm are homogeneous. We define the spin direct 
product of F^ and F^ by 

(3.1) fixfm = fixfm/{il,l),iz,z)}, 

which can be embedded into the spin group Ti^^ canonically by letting 

(3.2) (4i)^(t.,i), (i,t;)^(i,t,+^.), 

where t- £ f;(i = 1, ■ ■ ■ ,1 - l),t- £ fmU = I,-- - ,m - 1). We identify 

TixTm with its image in Fj+m and regard it as a subgroup of F^+m. 

In order to study spin modules, we recall the theory of supermodules [8]. 
The following exposition of supermodules and twisted Grothendieck groups 
follows [3] closely. For two spin supermodules U and V of F; and F^, we 
define the super (outer )-tensor product U(^V by 

{t,s){u0v) = (-l)'^(")'^(")(tu«)s?;), 
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where s and u are homogeneous elements. Then U0V is a spin F/xTm- 
supermodule. Moreover, let U and V be an irreducible supermodules for Ti 
and Tjn respectively. Then, 

(1) if both U and V are of type M, then U0V is a simple F/xTm - 
supermodule of type M; 

(2) if [/ and V are of different types, then l/i^V is a simple TixTm- 
supermodule of type Q; 

(3) if both U and V are of type Q, then U <E)V N (B N for some simple 
F; xFm-supermodules of type M. 

We consider the twisted Grothendieck group -R~(F) = 0„>o-R~(rn), 
and define a multiplication on R^{T) as follows. Let / S R~{Ti), g G 
R (Xm), and embed F^ xF^ in Ti^m- Then fxg is an element of i?~(F; xF^), 
and we define 

fog = Indl- ifxg) 

i I m 

which is an element of R~{Ti^rn)- This gives a bilinear multiplication 
R~{Ti) X R~(Tm) — >• -R~(F/_|_m), it is known that with this multiplication 
R~(T) is an associative, graded C-algebra with identity element. 

It is known that the irreducible spin super-characters of F„ form a C- 
basis of i?^(F„). Let (p,ip £ ii^(F„) be two simple supermodules, then the 
inner product 



(3.3) {cp,ip) 



1 if (/) ~ 99 is type M, 

2 if ~ is type Q , 
otherwise. 



For a simple supermodule V we define 

which can be extended to give the type of module V. For simple supermodule 
Vi(g) • • • i^Vs of S^, we can define its type c by c{Vi, V2) = c{Vi)c{V2). 

Let /j (i = 1, • • • , s) be irreducible spin characters of F^--supermodule 
Vi, then /i<8> • • • (Si/s is an spin super-character of F^. For distinct integers 
from {!,••• , s}, let /ji, • • • , /j^ be of type Q and /j^+i, • • • , fj, be of type 
M, then /i® • • • (ti/s is of type Q or M according to k is odd or even. By 
the same method as the spin group ^^(cf f^, (6.28)) we can show that 

(3.5) fi^---0fsixi,--- ,Xs) = (2\/^)^/i(xi) •/2(x2)---/s(x,), 
where c is the type c(Vi(§) • • • (bVs), and the module affords the spin character 

If Vi<Si ■ ■ ■ 0Vs is of type M, then its underlying F^-module is also ir- 
reducible. If Vi(t) • • • 0Vs is of type Q, then it decomposes itself into two 
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simple r^-modules {Vi^ ■ ■ ■ ^Vg)^. Set 

(oa\ f = \ f^®--- ®fs if /i® • • • ®fs is of type M, 

^ ' ^ \{h®--- ®fs)^ if h®--- ®fs is of type Q, 

Let fi o • • • o fs be the induced character of / from to r„, we shall 
determine the restriction Res^ {fi°---°fs)- Let {T = F^iF^} be the double 
cosets of r„ by F^, F^. For a representative t eT, let (F^)t = tF^t~^ n F^, 
a subgroup of F^. By Mackey's decomposition theorem, we have 

ter^\r„/r^ 

where f^{x) = f{t~^xt). From Probenius reciprocity we obtain: 
{fi°---°fsJio---ofs) = if, Resf^{fi 0---0 fs)) 

= E (^-(r.).(/)'/*)(r,v 
ter^\r„/r^ 

When both / and /i o ■ • • o are irreducible spin characters, then we 
have {ReSfj. )^(/),/*)(p = for t 7^ 1. In fact when t = 1, one has 

^^'^^{f^)Sf^'f^\f^)t = (f^fh^ = 1, and (/i o • • • o o • • • o /,) = 1. 

Therefore in this case we have 

(/l o • • • o /s, /l o • • • o fs)f^ = if, /)f^ 

^^•■^^ = 2*^-'^ E • • • fsi^s)fl{xi)---fs{Xs), 

where x = xi ■ ■ ■ Xg and Xi G F^. (? = !,••• , s). 

3.3. Irreducible spin representations of In determining irre- 
ducible characters of Sn, Schur introduced the following symmetric function 
Qx- 

" Ai A; 



P ■ ■ P 

ai,---,a;=l 



where 



Schur showed that for v G the spin character values {A^|A G OVn} 
are determined by 

(3.8) Q.= E 2t '' V '' ]z,-^A^P,, 
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where Pa = Px.Px^ ■ ■ ■ for A = (Ai, A2, • • • )> and [^(]^)±M)±^] denotes the 
largest integer < '■M+'-W+'^M _ -yy-g recall Schur's result in the following 
theorem. 

Theorem 3.1. /]T5] ) For n > 4, let 1^ = (i^i,--- G SVn be the 

irreducible spin character A^, of 5„ are determined as follows. 

(i) If v is even, there corresponds a unique (double spin) irreducible 
character Ai, whose character values {A;J;|A G OVn} are given by {4-^ and 
A^ = for OVn. 

(a) If V is odd, there are two irreducible (associate spin) characters 
Ajy, Aj^. The character values A^ are given by ^-8^ ) for A S OVn, and for 
other classes they are given by 

a: = (^)(-'H+i)/2^^^...^^/2, 

and Ay = for ix ^ v ^ SVn- In particularly, (A^)'^ = — A^. 

For a combinatorial method to compute the spin characters, see [lOj . 
Let Vi- be a F-module affording the character 7j^. G F* and be a 

spin supermodule of 5^. For g = {gi,--- ,gn) e F", {g^zPtp) € F" x S^, 
and distinct integers ii, • • • ,is from {0, 1 • • • , r}, the tensor product V^^^ 
■ ■ ■ ® V^^" (X" W becomes a F*^ xi 5"^ spin supermodule under 
{g, Z^tp) ■ {vi® ■ ■ ■ ® Vn<^w) 

(3 9) 

= (51 «>•••«> gnV^-i^^-^) ® {z^tpW), 

where ui (g) • • • i;„ G l/.f (g) • • • ® V,®^' , w £ W. 

In particular, when s = 1 the module V^"' is a spin supermodule 
of F„. We remark that the character table of the basic spin supermodules 
was given in [3]. 

4. Irreducible spin character tables of F„. 

In this section we first construct irreducible spin supermodules of F„ 
induced from Young subgroups F^. By the general theory of spin characters 
[3] it is enough to focus on strict partition- valued functions of F^. We will 
show that only one class of odd strict partition-valued functions can support 
nonzero irreducible character values. 

4.1. The irreducible spin supermodules of F„. For ji, - - ,jn S 

{0, • • • , r}, let 7 = <g'7j2 ' ' '®ljn- Then 7 is an irreducible character of 
F" through the usual tensor product action. Since F" is abelian, they form 
a group X = Hom{T" ,C*) under multiplication. The group F„ acts on X 

by 

{x ■ -f){g) = 7(x • g)^ for x G F„, 7 E X, g G F'^. 

In particular the subgroup 5„ acts on X. We will introduce the class 
orbit for the action 5„ in X. We denote by / the set of the sequences 
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[ii, 12, • • • ,is\ satisfying ia = % if and only if a = 6 for ia-, ife G {0, 1, • • • , r}. 
For a sequence [ii, ^2, • • • , «sj ^ I and a partition /i = (/ii, /i2, • • • , Ms) £ 
we can get an orbit of Sn in X as follows: 



(4.1) 



={7ji «> 7i2 



•••^7r) 

7j„| there are indices equal to i^}, 



The set of these orbits are called a class orbit with type fj, = {fj-i, • • • ,fJ-s)- 
For simplicity, we denote by the class orbit as follows: 



(4.2) 



G/}. 



Moreover, we say an irreducible character (8) 7^2 (X" • • • <^ 7j„ with type 
/i = (/Ui, ^2, • • • , /is) if it is contained in an orbit 0(7® 



57. 



«2 



Lemma 4.1. (1) For fi €z Q, the number of the class orbits is equal 

to 

(2) For a partition /i = (/^i, • • • ^^g) G each class orbit contains 
Kfj, orbits, where 



(4.3) 



K„ 



1 




"1" 




1 


(r + l)! 


r + l 




r 




r + 1 - s + 1 


(r + l - s)\ 



For a sequence [ii,i2,--- ,isj G 7^^ 



Ml 



resentative of the 5n-orbit 0{^^_^^^ (8) 
ity, we set 7^^= 7.^^ ^ 
; = {z% G 5„|zPtp • 7f = 7f }, then 



®/i2 



0^2 
42 



7-^ IS a rep- 



7i, 



7j^^° j in X. For simplic- 
For a partition G 0, let 



(4.4) 

Furthermore, if we set F^ := F" x ~ F" x 5^, then it can be viewed as a 
subgroup of F„ . 

Next we use the Mackey-Wigner method of little groups (cf. |16j ) to 
construct the irreducible spin characters of F„. In the following we will 
let Xtt be an irreducible spin character of 5^ afforded by the spin module 
vr. For abelian groups we may simply use the same letter to denote the 
representation as well as its character. 

Now let vf be the spin module of F^ obtained by composing vr with the 



canonical projection F^ - 
of F^. Finally we define 



Su- Then 7- (g) vr is an irreducible spin module 



which is then an irreducible spin character. 
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4.2. The irreducible spin super character table of r„. When n < 
4, the spin group Sn is a direct product of Z2 and Sn-, so we will assume n > 4 
throughout this section. For {g, a) G r„, and a has type p = (/9(c))cgr* • The 
corresponding elements of r„ are then [g^z'^tp). 

Proposition 4.2. Let /i = (^1, • • • ,/is) G ^ and p = u ■ ■ ■ u p'^ e 
^n(r*) such that p^ £ 'Pf_i-(T*), then the character values ofOJ^ ^ at conjugacy 
classes are given by 

(4.5) ei,{D^) = n ( n ^'^^^) • xAtp), 

j=i cer. 

where Kp is the number of left cosets T ofTp_ in r„ such that {g, zPtp)T = T. 

Proof: Since two elements of r„ arc conjugate if and only if they have 
the same type. So for each transversal t of the left coscts of Fp in r„, both 
{g,zPtp) and t~^{g, zPtp)t have the same type p. Let Vij{j = I,-- - , s) be 
a r„-module affording the character ji. G T*. We compute the character 
li ^ XtF of representation V^'^^ (g) • • • (g) V^''' ^W.Uxefm and y G fn-m 
then X acts on the first m factors of V,^'^^ (g • • • (g V,^^" and y on the last 
n — m factors, it is clear that 

(4.6) 7f (E)Xn{xxy) = 7^ (g) X5?(i) • li (E) X^iv)- 

So it is enough to compute 7f X5f (5, z'^tp) when G and = [1, ■ ■ ■ , pi] 
• • • [Mi + ■ ■ ■ + Ms-i + !,••• , n] is an {pi, • • • , /i5)-cycle. For this purpose, let 
ei. be a basis of Vi. (as F is a cyclic group) and let gei. = {g)ei. , ^i- {g) G C. 

As tp ■ 7f = 7f for tpES^, it follows that 
ig,zPtp){ef^'''^---^el^''^w) 

, , = 5i(en) <g • • • <g5/ii(eii) (g • • -(g 
(4.7) 

= 7n(5Mi ■■■9x)---liX9n--- 5n-MJ(C <^ • • • <^ <^ ^%(^f^)) 
If for each i G {1, • • • , s}, the cycle-product ^^.^^^^ 5s-i;.,+2-5siiiM,+i 
(/xo = 0) lies in c G F* , then we have 

s 

(Tf ®X5f)(5,^^ip) = n ( n 7., (c)'(''^('=)))x.(^%). 
j=i cer. 

Subsequently 
(4.8) 

j=i cer* 
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Throughout this section, set ■ ■ ■ i^Aps to be an irreducible spin 

super-character of Young subgroup S^, where Apj is an irreducible spin 
super-character of S^^ corresponding to partition . Let Xn or (Xtt)^ be 
the underlying irreducible spin character according to Api® • • • <S>Ap3 is of 
type M or type Q. 

For P = P^U - • •UP'^, then 0^ ■ is an irreducible spin character of when 
n — 1(1^) is even and it is decomposed into two irreducible spin characters 
when n — is odd. 

For j = 1, • • • , s, let i/J = (i/^, • • • , f^) = ((z^^ • • • , vl-^), ■■■ , (f^ • • • , 

uljj) E SV^^{r^), then u = U ■ ■ ■ U is in SVn{T*). For each c E F, 
and a partition X G V, we define the characteristic partition- valued function 
E P(F,) by 

c^(c) = A, c^(c') = 0, for c' ^ c. 

Let c^'^') := c^'^O'i) U • • • U c-^^-n^ U • • • U c^'^'-'i^ U • • • U c^'^'.ir), clearly this is 
a special partition-valued function in ST'^.{T^) supported only at c. Thus 
u := c^'^^^ U • • • U c'''^"^ is a special partition- valued function in 5'P„(F*). Let 
= (P^, • • • , z^*) = Uj=i(UcGr. ^■'(c))) where z?-^ = Ucer. ^^('^) ^ partition 
of Hj. For z^, ^ E SVni^*), we say they are in the same class if z^ and ^ have 
the same partition parts, and denote by z/(or ^) the type of this class. We 
denote by [z>] the set of special partition-valued functions with the type u. 
It is easy to see that the cardinality of [P] is IF*!'^'^). For {g ,a) E F„, let its 
corresponding partition- valued function be v, and denote by A = (Ai, • • • A^) 
the cycle type of a, then A is the type of class [z>]. 

Let t^, = t^i ■ ■ ■ tys such that t^t E for i E {1, • • • , s}. If each E 
57^^. (F^,) (that is to say Api is of type Q) and s is odd, then we have (cf. 



33D) 



ix.riU) = ±(2V-1) — Api(V) • • • Aps{t,s) 



(4.9) =±(2V^) 2 -(V^) 2 



_ n-i(,y)+2s-l /Al---A/ 
-1) 2 ' 



where (Ai, • • • , A;) is the type of v. Hence 



(4-10) (X.)^(i.)(x.)±(t.) 



Al • • • A; 

2 



Proposition 4.3. Let 11 = (//i,--- ,Ps) ^ ^ and A = (Ai,--- ,Xi) be 
the type of u = \J ■ ■ ■ \J . If s is odd and each in SVj^.{T^,), then 

decomposes itself into two irreducible spin characters ofTn- For p E 
SV\{T^), the character (6;^ J± is given according to 
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(i) when p = U • • • U /o* G [P], then 



where Kp is the number of left cosets T ofVp^ in r„ such that (g, zPtp)T = T . 
(a) when p ^ [v], one has (©^ j)^(p) = 0. 

Proof: We can get the first assertion from tlie proposition 4.2 and the 
Equation ()4.9p . Now we will prove the second assertion. Since is an 
irreducible spin super-character of type Q, there is an pair of underlying 
associate irreducible spin characters (©^J^- It is known that the inner 
product < > is equal to 1. Then we have 

(4.11) i = ( E + E )Yi%,)^ip)n,)Hp)- 

Moreover, the first part in the above equation equals ^, so the second part 
also equals i. By Equation (j3.7p . we have 



E ^(7r®x|)(p)(7f 



pesvl^ir,) ^P 



(4.12) PG[P] "^P 

> E TTT^ = 1) 

pe[u] lli=illlcgr, V{c)''C j 

pG[i>] 
1 

> -. 

- 2 

Then it follows from (|iTT]) and (jil^ that 

which forces (9;^ J±(/9) = if p ^ [P]. □ 
Example: For T =< a\a^ = 1 >, n = 13, set T* = {70,71,72} and 
r,, = {c^jC^jC^}. Let ^i{c^) = w^^ , where w"^ = 1 ior w £ 

'(13) 



The first class orbit is ^n^) = {0(7®^^) = {7®^^}^ = 0, 1,2}, thus 



T^is) = {z% G s^s\z% ■ 7f = if'} ^ Sis, r(i3) = X r(i3) = r^,. 
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Leti = l,i. = ((5,4,3,l))eer* eSV\:,iT,) and p = ((54),o, (31),2) G [i?] (i.e. 
there are one 5-cycle and one 4-cycle such that their cycle-products he in 
c°, the same is true for (31)c2), the type of class [P] is A = (5, 4, 3, 1). Then 

and (7f 13 ^ ^±)(^) =Oifp(^[^.As 

p€[u] 

= |rj4 1 . I ± V30u;|2 = 1. 

' ' 5-4-3-1-34 ' ' 2 

The second class orbit is ^>(5,4,4) = {0{jf^ 'E)'yf'^<E)-/f'^)}\i,j,k = 0,1,2}, 

^(5,4,4) = {z% G 5i3k%-7f ®7f ®7f = 7f ®7f ^ S,xS,xS,, 

r(5,4,4) = X {S5XS4XS4) = f 5><f4xf4- 

For i = 2,j = l,k = and P = ((3, 2), (4), (4)), let xt be the ordinary spin 
character of spin super-character Api^Apgi^Aps. For p = (((32)^1), ((4)^,2), 
((4),i))G5Pl3(r,),then 

and 7f ^ (8) 7?^ ® 7^^ (g) x± t~" (p) = ii p ^ m. We see that 

^(5,4,4) 

pe[i>] 

where the type of class is A = (4, 4, 3, 2). □ 
For u = u^U- ■ ■Uf^ G 57^^(1"*)) let J = {j'l, • • • , j'^} be a maximal proper 
subset of {1, • • • , s} such that is in <S7^^.(r*) for i G {ji, • • • ,jk}- Let J 
be the complement set of J in {1, • • • , s}. For p = U • • • U G 57^^ (F*), 
one sees that if Api{tpi) has nonzero value then p* must be in for i & J, 
and p* must be in 057^^, (F*) := ©^^.(F*) n ^^^.(F*) for i e f . So we 
have the following results. 

Theorem 4.4. For ji = {pi, - ■ ■ , ps) G /ei v = z/^U- • •Ui/'' G ^^^(F*). 
For p G SV\{r*), (i) When p = p^ U • • • U p* satisfying p* G [i>'] for i e J 
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and G OSV ^^{T^) for i G j' , then 



n(n%w'"''"")-n^^'(*<-). 

i=i cer. jgj' 

where Kp is the number of left cosets T ofV^ in r„ such that (g, zPtp)T = T, 
and the value o/Iljej' ^uA'^pi) ^-^ determined by wreath products of Schur 
Q- functions (see [3]j. 

(a) (0^ j)^(/o) = 0, otherwise. 

Proof: The first assertion follows from the Equations (j4.8p . (j4.9p and 
Proposition 4.4. 

Now we consider the second part. For v = \J ■ ■ ■ \J v'^ G 57^^ (F^,), we 
suppose that there are 2k — 1 irreducible spin super-characters of type Q 
and s — 2k + \ of type M in {A^^i , • • • , Aps}. Moreover, we can assume that 
Api, • • • , Ap2fc-i are of type Q and Ap2fc, • • • , Aps are of type M. Then by 
the Equation (14. 9p and the second Equation of (I4.12|) . we have 



(4.13) 



p=piu-up''e<s-pi(r,) P i=i 

> E 2^^-^(n^|Ap,(^-)p) 

P^e[i>^]:jej;p^esp^^.(r*):jgj' i=i 

For each j G J, -J— | Apj (/y)^ is a constant for different z?' G [P-^] because 
of they have the same type Hence n?=T^ 'Z~\^ui{p')\'^ ^ constant for 

different /j^ U • • • U p^^-i g 57^^^ (F*) U • • • U ^^^^^.^(F*), then the above 
Equation ([iT3]l 



(4.14) 



>2--( E n^T7^)( E n^^; 
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In the above equation, OSVij,^{T^:) := CP^^. (F^,) n 5'P^^-(r*), and 



s n z, 



/>'eci5P^,(r.):jGJ' i=2fc n V(c)C< 

^ ^ |r.r(^^)|A,.(V-)p 

(4.15) ^ ii z-,('r + l)'(p') 



«(pJ(c)) 



,M2 



n( E *^^) 



j=2k 

= 1. 

Subsequently, the Equation (j4.13p 



2k-l I . / |2 

2^—1 

22('=-i) n i(A,.)±(i)+)p 

(4.16) p^eP]:,eJ n (ncer,V(e)Cc^''^'^^) 



.^1 ncGr.'^^'(c)(r + l)'(''^W) 



1 

> - 
- 2 



It is known that Ep60P„(r.) = ^2, which forces ,(p) = 

if ^ [P*] for i G J or ^ ©^^/.^(r*) for i G j'. □ 

Corollary 4.5. For p = (pi, • • • ,Ps) G f^, /et = U • • • U i/'' &e in 

5pO(r,). 

(^ij When p = U ■ ■ ■ U £ CP„(r*) and || ||= /ij, i/ie wZue of 
QJiiiD^) is determined by wreath products of Schur Q- functions (see [3]j. 
(ii) Otherwise, one has QJ^iiD^) = 0. 
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Proof: (i) If G CP^. (F*), the value of each Api(tpi) is determined by 
Schur Q-functions given by (|4.8p . then the value of Q'^^{D^) is determined 
by wreath products of Schur Q-functions. 

(ii) If p can not be decomposed as U ■ ■ ■ U such that || ||= pi, 
then it is easy to see that QJ^iiD^) =0. As z/ G SV^{T^,), we can suppose 
that there are 2k irreducible spin characters of type Q and s — 2/c of type 
M in {Api, • • • , Aps}. Similarly, we can assume that Api, • • • , Ap2fc are of 
type Q and Ap2fc+i, • • • , Aps are of type M. Then by the Equation (|4.13|) . 
we see that Ylfti d{p') = 2k. U p = p^ U ■ ■ ■ U p' £ SVl{T^), then at least 
one /9* is not in OST'^^{T^) for i = 2A; + 1, • • • , s, so Api{tpi) = 0. Therefore 
we must have QJ^iip) = 0. □ 

Corollary 4.6. For j G {!,•■■ js}, let Apj be the basic spin super- 
character of S^-, then 0^^ is the basic spin super- character ofVn- If each 
Pj is even and s is odd , then QJ^ ■ is of type Q and the values of the basic 
spin characters (0^ j)^ at the conjugacy class of type p = p^U- ■ - U p^ G 
SViiT^) are 




otherwise. 
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